1. A link / is a finite collection of mutually disjoint oriented polygonal simple closed curves in the 3-space R3. Two links / and /, are called topologically equivalent, if there is an autohomeomorphism of R3, which carries / onto /,. In this paper we will not clearly distinguish a link and its equivalence class.
For each link / we associate a polynomial A,(/), introduced by J. W. Alexander [1] . The polynomial A,(t) is actually an element of the group-ring JH of the infinite cyclic group H generated by t over integers. The polynomial A,(i) is determined up to ± f\ which is a unit in JH. (See R. H. Crowell and R. H. Fox [4] .)
In the case of a knot k, i.e., a link with one component, the polynomial Ak(t) is called the Alexander polynomial of k and satisfies the following conditions:
(l)Afc(l) = ±l,and (2) A¿(/) satisfies symmetry and has even reduced degree. Here symmetry of Ak(t) means AÄ(f) = txAk(t~x) for an integer X and the reduced degree of Afc(i) is the difference between the highest degree and the lowest degree of the terms with nonzero coefficients. Condition (1) is proved by Alexander [1] and condition (2) is proved by H. Seifert [12] . Further, by Seifert [12] , these two conditions are sufficient for a polynomial A(f) to be the Alexander polynomial of a knot.
In the case of a link / with a number of components greater than one, the polynomial A,(r) is called the reduced Alexander polynomial of / and satisfies the following conditions:
, where \i is the number of components of /, and (4) V¡(t) satisfies symmetry and has even reduced degree. Condition (3) can easily be seen (see G. Torres [13] ) and condition (4) is proved by Torres [13] and F. Hosokawa [6] . By Hosokawa [6] , these two conditions are sufficient for a polynomial A(i) to be the reduced Alexander polynomial of a link.
In this paper we will call the Alexander polynomial of a knot the reduced Alexander polynomial, also.
2. Let / be a link and L its regular projection on a plane. For each segment of L which passes through a double point of L, we associate the assignment of overpass or underpass at that point. A link / is called alternating, if an appropriate regular projection of / has the property such that when a point moves on each of the components of /, its projection passes through the double points in such a way that the assignment of overpass and underpass appears alternately.
The collection of all alternating links forms a proper subset of the set of all links. Suppose that a link / is given and let L be its regular projection on a plane. Then one can choose some double points of L in such a way that if we interchange the assignment of overpass and underpass at each of these double points, the assignment of overpass and underpass appears alternately. Hence, the projection L with these new assignments is a regular projection of an alternating link.
3. Let L, be a regular projection of a link /, on a plane. Choose a double point of Lx and apply the operation described as in Figure 1 or Figure 2 at this double point. Then L, is changed to L2, which is a regular projection of a link l2. Proof. We will only prove the case corresponding to the operation described as in Figure 1 . The other case can be proved similarly.
We will compare the fundamental groups and their reduced Alexander matrices of /, and l2. We will use the Wirtinger's presentation. From the left-hand side of Figure 1 we have relations *2m-l = -^O-^l-^O an0-X2m = *0> which induce the entries of the reduced Alexander matrix of /, as follows:
From the right-hand side of Figure 1 we have relations
These two relations induce the entries of the reduced Alexander matrix of l2 as follows:
Hence we have Matrix (1) = Matrix (2) mod m(l -t). Since the other double points of L[ and L2 remain unchanged, we have A,(f) = à,(t) mod m(l -t).
Hence the proof of Theorem 1 is complete.
Corollary. Under the same assumption as above we have |A,(-1)| = |A,(-1)| mod 2m. 4 . Let Lx be a regular projection of a link /, on a plane. Choose a double point of L, and apply the operation described as in Figure 3 or Figure 4 at this double point. Then Lx is changed to L^, which is a regular projection of a link l2. Let°m Proof. We will only prove the case corresponding to the operation described as in Figure 3 . The other case can be proved similarly.
As before, we will compare the fundamental groups and their reduced Alexander matrices of /, and l2. From the left-hand side of Figure 3 From the right-hand side of Figure 3 we have relations
and the corresponding entries of the reduced Alexander matrix
Note that we have 1 -r™ = (1 -i' )om(t) and hence
Therefore we have Matrix ( Remark 2. In [5] , R. H. Fox proved the same kind of theorem as Theorems 1 and 2 above, but in a more general setting. Though there is an error in his proof, the theorem turns out to be correct.
A proof of a theorem in [7] by the author of this paper following the same pattern as Fox is also in error. A counterexample to the theorem in [7] was shown to the author by S. Suzuki. Theorem 3. Let m be a positive integer and f(t) an integral polynomial in t. Assume that f(t) satisfies conditions (1) and (2) in the case for a knot and conditions (3) and (4) in the case for a link with the number of components greater than 1. Then there exists an alternating link I with the given number of components such that A^t) = f(t) mod m(\ -t).
Proof. By Seifert [12] and Hosokawa [6] , there exists a link /, with the given number of components such that A, (t) = f(t). Let L, be a regular projection of /, on a plane. Choose double points of L, in such a way that if we interchange the overpass and underpass at each of these double points, Lx is changed to Z^, which is a regular projection of an alternating link. Now apply one of the operations described as in Figures 1 and 2 at each of these double points of Lx. If we choose the appropriate operation at each of these double points, L, is changed to L, which is a regular projection of an alternating link /. By Theorem 1 we have A,(/) = A, (/) mod m(l -t). Since A, (i) = f(t), the proof is complete.
